We study the exact entanglement dynamics of two qubits interacting with a common zerotemperature non-Markovian reservoir. We consider the two qubits initially prepared in Bell-like states or extended Werner-like states. We study the dependence of the entanglement dynamics on both the degree of purity and the amount of entanglement of the initial state. We also explore the relation between the entanglement and the von Neumann entropy dynamics and find that these two quantities are correlated for initial Bell-like states.
I. INTRODUCTION
Entanglement is a key resource in modern quantum information theory and technology. Entangled states play a central role in quantum key distribution, superdense coding, quantum teleportation and quantum error correction [1] . However, realistic quantum systems are never completely isolated from their surroundings. The inevitable interaction between a system and its environment leads to decoherence phenomena and degradation of entanglement [2] .
Once entanglement has been lost, it cannot be restored by local operations [3] . It is therefore important to understand the process of disentanglement in order to control the effects of noise and to preserve entanglement. For these reasons the study of entanglement dynamics of quantum systems in realistic situations has become of increasing importance.
Recently much attention has been devoted to the process of finite-time disentanglement, also known as "entanglement sudden death"(ESD), in a bipartite system [4] . This phenomenon consists in the complete disappearance of the bipartite entanglement in a finite time, as opposed to the time-evolution of the coherences of the single parts which vanish only asymptotically.
ESD sets a limit on the life-time and usability of entanglement for practical purposes. Hence, lots of efforts have been done in order to understand the conditions under which ESD occurs [5] . Finite-time disentanglement has been found in different physical systems, such as qubits or harmonic oscillators [6] . ESD appears when the two parts of the system interact with either independent environments [4, 7] or a common one [8] . The first studies within the Markov approximation have been extended to non-Markovian environments, where the memory of the reservoir adds revivals to entanglement dynamics [9, 10] .
In Ref. [9] we have studied entanglement sudden death when two-qubits are prepared in a Bell-like state with two excitations, and entanglement sudden birth for qubits prepared in a separable state. Here we focus on the dynamics of a class of states having an "X"-structure density matrix, namely the extended Werner-like states (EWL). This class of states plays a crucial role in many applications of quantum information theory, such as teleportation [11] and quantum key distribution [12] . Moreover, such a choice will give us the chance to study how the entanglement dynamics and its revivals are related to the purity and the amount of entanglement of the initial state. We also focus on the interplay between entanglement and mixedness for the qubits states. We investigate the connection between these two quantities, comparing concurrence and von Neumann entropy dynamics for initial Bell-like states, and finding clear correlations between them.
The paper is organized as follows. In Sec. II we review the exactly solvable model of two qubits interacting with a common Lorentzian structured reservoir. In Sec. III we study the entanglement and von Neumann entropy dynamics for initial Bell-like states and we prove that sudden death of entanglement can never occur if the qubits are initially in a mixed state having at most one excitation. In Sec. IV we focus on the time evolution of EWL states, and compare our results with those obtained in Ref. [13] for independent structured reservoirs. Finally, we summarize our results in Sec. V.
II. THE MODEL
In this section we describe the model we use to study the dynamics of two two-level systems (qubits) interacting with a common zero-temperature bosonic reservoir. Our approach is non-Markovian and non-perturbative, i.e., it does not rely on either the Born or the Markov approximations [9] .
The Hamiltonian of the system, in the rotating wave approximation, is given by
where σ A ± and σ B ± are the Pauli raising and lowering operators for qubit A and B respectively, ω 0 is the Bohr frequency of the two identical qubits, a k and a † k , ω k and g k are the annihilation and creation operators, the frequency and the coupling constant of the field mode k, respectively.
In order to solve the dynamics of the two qubits we need to specify the properties of the environment. In the following we assume that the two qubits interact resonantly with a non-Markovian Lorentzian structured reservoir, such as the electromagnetic field inside a lossy cavity [14] , having spectral distribution
where Γ is the width of the Lorentzian function and Ω the coupling strength. We are mainly interested in the dynamics of entanglement and in the effects that the non-Markovian reservoir induces on the correlation between the two qubits. To quantify entanglement we use the Wootters concurrence [15] , defined as C(t) = max{0, are the Pauli matrices for atoms A and B. This quantity attains its maximum value of 1 for maximally entangled states and vanishes for separable states.
We focus now on the dynamics of initial "X" states. We use the method described in Ref. [9] to calculate the time evolution of the density matrix
which is written in the basis {|00 , |10 , |01 , |11 }. Due to the structure of the differential equations for the density matrix elements [see Eqs. (5) and (6) in Ref. [9] ], the "X" form is preserved during the evolution. In the Appendix we present the analytical solution in the Laplace transform space for a particular type of "X" state. For this class of states the concurrence assumes a simple analytic expression
where
We notice that coherences give a positive contribution to C 1 (t) and C 2 (t) and so to concurrence, while the negative parts involve populations only.
In the next section we will also consider the evolution of the mixedness of the two qubit state, which we quantify through the von Neumann entropy, defined as
Von Neumann entropy is equal to zero for pure states, and attains its maximum value (equal to ln N with N the dimension of the Hilbert space) for a maximally mixed state.
III. ENTANGLEMENT AND VON NEUMANN ENTROPY DYNAMICS FOR BELL-LIKE STATES
Here, we seek for the connection between the dynamics of entanglement and von Neumann entropy of two qubits prepared in Bell-like states
and
Our aim is to understand the interplay between these two different physical quantities, in particular when peculiar phenomena such as ESD or "entanglement sudden birth"(ESB) [9, 16, 17] , and revivals of entanglement occur.
The entanglement dynamics of two qubits in a Lorentzian structured reservoir, prepared in a Bell-like state with two excitations as in Eq. (9), has been presented in Ref. [9] . There we have studied in detail the difference with the common Markovian reservoir case and the independent reservoirs non-Markovian case. The evolution of entanglement for a Bell-like state as in Eq. (8) has been studied also in Ref. [18] .
For both the Bell-like states in Eqs. (8) and (9) the entanglement dynamics is the result of two combined effects: the backaction of the non-Markovian reservoir and the reservoir-mediated interaction between the qubits.
The memory effects due to the non-Markovianity of the reservoir causes oscillations in entanglement dynamics. These oscillations are typical also of the independent reservoirs case [10] , but they disappear completely for Markovian reservoirs [8] . The sharing of the reservoir plays also a special role. Indeed, the common reservoir provides an effective coupling between the qubits, and so consequently creates quantum correlations between them. As a result, qubits prepared in a factorized state can become entangled due to the interaction with the common reservoir. This is in contrast with the independent reservoirs case in which a factorized state of the qubits can never evolve into an entangled state.
The results in Ref. [18] show that ESD does not occur for a Bell-like state with one excitation as in Eq. (8) for any value of α 2 . ESD does not appear for the same Bell-like state even if the dipolar interaction between the qubits is included [19] . Actually, a straightforward calculation shows that for every pure or mixed state of the qubits containing at most one excitation, ESD and ESB cannot take place. In fact, the density matrix describing a generic mixed state with maximum one excitation, written in the same basis of Eq. (4), has the form
The expression for the concurrence for any value of the parameters is
Here concurrence is directly given by the coherence between the |10 and |01 states. Since the coherence vanishes in asymptotic way, there cannot be ESD for any generic state with maximum one excitation. Analogously, entanglement can be smoothly generated but it cannot suddenly appear. This result does not depend on the degree of purity of the state. This is true as long as the form of the density matrix in Eq. (10) is maintained. On the other hand, if some population is transferred to the two excitations state then ESD can appear. This is the case of two qubits in a Bell state interacting with a non-RWA common reservoir [20] . One problem we want to address here is to understand how the amount of entanglement changes with the purity of the state. In the next section we will explore this aspect by preparing the qubits in a particular class of mixed states. Furthermore, it is useful to see how the mixedness of the initial state changes with time because of the interaction with the environment, and if there exists some connection between the von Neumann entropy and entanglement dynamics.
In order to provide a clear interpretation of the dynamics, it is useful to recall the four-state effective description [9] . Indeed, the state of the two qubits is equivalent to a four-state system, in which three states {|00 , |+ = (|10 + |01 )/ √ 2, |11 } interact in ladder configuration with the electromagnetic field, and the fourth state {|− = (|10 − |01 )/ √ 2} is completely decoupled from the other states and the electromagnetic field. The states |+ and |− are known as super-radiant and sub-radiant states, respectively.
We look at the evolution of the von Neumann entropy of the qubit pair when the state is initially prepared in a Bell-like state of the form (8) and (9) . It is particularly interesting to see how the degree of purity of the state evolves when the qubits undergo ESD. Since ESD occurs when α 2 1/4 [9] , we choose α 2 = 1/20 and θ = 0 for the sake of convenience. In Fig. 1 we notice that ESD appears for high value of mixedness of the system (entropy peaks coincide with minima of concurrence). Moreover, the revivals of entanglement appear roughly in correspondence of the minimum of the von Neumann entropy, when the state becomes purer. A careful analysis shows that the dynamics of entropy follows the population of the super-radiant state ρ ++ (t), (in the Appendix we provide the analytic expression of the von Neumann entropy for this initial state). As Fig. 1 shows, they attain their relative maxima and minima at the same times. Moreover, we can deduce from Eqs. (5) and (6) that entanglement dynamics is a function of the population of the super-radiant state, which is ρ ++ (t) = 2 b(t)c(t) for the particular initial state of Eq. (9) . Therefore whenever the population ρ ++ (t) reaches its relative maxima, the state attains a maximum value of mixedness, the timedependent part of the concurrence (2|w(t)| − ρ ++ (t)) be- comes negative and entanglement disappears. On the other hand, whenever the population of the super-radiant state reaches a minimum, the population of the |11 excited state and the |00 ground state have their maxima (see inset in Fig. 1) , and the system goes toward a Belllike state |Ψ . As a consequence the system becomes purer and entanglement is partially recovered.
When the system is prepared in a Bell-like state as the one of Eq. (8) there is no ESD, however it is still of interest to understand how the revivals of entanglement are related to the degree of purity of the state. For the Bell state |+ entanglement has exactly the same dynamics of the population of the super-radiant state, as shown in Fig. 2 . Moreover the zeroes of entanglement and entropy coincide. For those times, in fact, the system goes into the ground state which is pure and factorized. When some population returns in the super-radiant state entanglement is recovered, and the state is again mixed. When α 2 = 1/2 and/or θ = 0 the initial state is a superposition of super-radiant and sub-radiant states. Although the sub-radiant state does not evolve in time, being decoupled from the super-radiant and ground states, it affects the entanglement and entropy dynamics. For the sake of convenience we choose α 2 = 1/5 and θ = 0. In Fig. 3 we see that entropy still follows closely the time evolution of the super-radiant state population, having its relative minima in the same positions of the zeroes of ρ ++ (t), (the analytic expression of the von Neumann entropy is in the Appendix). On the contrary, entanglement has new relative maxima when the population of the super-radiant state is zero. This is due to the presence of the sub-radiant state. In fact, in this case both the super-radiant and the sub-radiant states contribute to the total entanglement. Thus there are two different sets of entanglement maxima, those associated with the maxima of the super-radiant state population, and those associated to the sub-radiant state. Entanglement is zero whenever the population of the superradiant state ρ ++ (t), the population of the sub-radiant state ρ −− (t), and the absolute value of the coherence between super-radiant and sub-radiant states ρ +− (t), are equal. This can be explained in the light of the expressions in Eqs. (A.1) in the Appendix, where b(t), c(t) and z(t) are written as a function of those quantities. In fact, when ρ ++ (t), ρ −− (t) and |ρ +− (t)| have equal value, then z(t) is equal to zero, irrespective of the sign of ρ +− (t). Specifically, this happens in correspondence to the 1st, 4th and 5th zeroes of entanglement, where b(t) = 0 and c(t) = 2ρ −− = k. In this case the state of the system becomes (1 − k)|00 00| + k|01 01|, which is clearly not entangled. Similarly, for the 2nd and 3rd zeroes, b(t) = k, c(t) = 0 and the non-entangled state is (1 − k)|00 00| + k|10 10|.
To conclude this section we consider the following mixed and factorized initial state
The dynamics of this state in a common non-Markovian reservoir is characterized by ESB and revivals of disentanglement, as we have shown in Ref. [9] . In Fig. 4 we see how these interesting features are related to the degree of purity of the state. As we have seen before, the positions of maxima and minima of the entropy and of the superradiant state population match. The sudden creation of entanglement happens roughly when the entropy hits its first minimum. Entanglement is again lost when the amount of mixedness increases, and it reappears again when the entropy reaches another minimum.
IV. WERNER STATE
In this section we study the two qubits entanglement dynamics of extended Werner-like states in a common zero-temperature Lorentzian structured reservoir. Our goal here is to study how, starting from an initial state that is not perfectly pure, as in realistic experimental conditions, affects the entanglement dynamics, and in particular the occurrence of ESD and ESB phenomena.
A. Terminology and previous works
The standard two-qubit Werner state, introduced in 1989 by Werner [21] , is defined as
where |− is the singlet state. In Ref.
[21] Werner demonstrated that while pure entangled states always violate the Bell inequality, mixed entangled states might not. The Werner state is the first entangled state to be proven not violating any Bell inequalities [21] . The generalized or Werner-like states are defined as
with |M one of the four maximally entangled Bell states. For a given r, Werner and Werner-like states exhibit the same entanglement. A further generalization is the extended Werner-like states (EWL), containing a nonmaximally entangled state part, which are defined as
with |Ψ = α|00 + e iθ (1 − α 2 ) 1/2 |11 . The dynamics of entanglement of two qubits prepared in Werner, Werner-like or extended Werner-like states has attracted a lot of attention. The appearance of ESD has been demonstrated for two qubits prepared in a Werner-like state and interacting with Markovian independent reservoirs [22, 23] or with independent noisy channels [24] . Violation of Bell inequality has been examined in independent thermal reservoirs [25, 26] . Entanglement has been studied in a Markovian common thermal reservoir [27] , in the presence of collective dephasing [28] and in the maximal noise limit [29] . Finally, the dynamics of an EWL in two independent Lorentzian structured reservoirs has been investigated in Ref. [13] . Moreover, Werner and Werner-like states have been used so far in many applications in quantum information processes such as teleportation [11] and entanglement teleportation [30] . The experimental preparation and characterization of the Werner states have also been widely investigated. Werner states are prepared via spontaneous parametric down-conversion [31] or using a universal source of entanglement [32] , and used in ancillaassisted process tomography [33] and secure quantum key distribution [12] .
B. Entanglement dynamics
We evaluate the dynamics of the entanglement of EWL states as a function of the initial amount of mixedness, controlled by the purity parameter r, and as a function of the initial degree of entanglement measured by α 2 . Looking at the evolution of this kind of states gives the possibility to study how the degree of purity of the initial state influences the entanglement dynamics. We also compare our results with those obtained in Ref. [13] for two qubits in two independent Lorentzian structured reservoirs.
Figures 5, 6 and 7 show the entanglement dynamics as a function of the dimensionless quantity γ 0 t (with γ 0 = 4Ω 2 /Γ the Markovian decay rate of the atoms) and of the purity parameter r, for the two EWL states in Eqs. (15) and (16) . In Fig. 5 the qubits are initially in the state given by Eq. (15) with α 2 = 1/2 and θ = 0. When r = 1 the qubits are prepared in the superradiant state, entanglement exhibits oscillations and ESD is never present. However, whenever a little amount of mixdness is added, periods of finite-time disentanglement immediately occur. This is due to the appearance of some population in the excited state |11 . As a consequence the oscillating part of the concurrence {2|z(t)| − 2 a(t)d(t)} can become negative. Due to the non-Markovianity of the system and to the effective coupling provided by the common reservoir, ESD regions are followed by revivals, and for long times entanglement reaches a stationary value. When r < 1/3 the state is initially factorized, but as time passes, because of the reservoir-mediated interaction, entanglement between the qubits is suddenly created. The non-Markovianity of the reservoir enriches the dynamics causing eventually revivals of disentanglement.
Eventually the entanglement reaches a non-zero stationary value. The amount of entanglement that has been created depends on the population of the sub-radiant state, which carries the entanglement. If the qubits are prepared in the state given by Eq. (15) with α 2 = 1/2 and θ = π, the dynamics is completely different compared to the previous θ = 0 case, as shown in Fig. 6 . In fact when r = 1 the qubits are prepared in the sub-radiant state and concurrence does not evolve, being at any time equal to 1. When the mixed part is present little oscillations appear, but eventually the concurrence attains the stationary value (1+3r)/4. When r < 1/3 the initial state is factorized, entanglement is suddenly created, a revival of disentanglement is present, and again after some oscillations concurrence reaches its stationary value.
When α 2 = 1/2 and/or θ = 0, π the non-mixed part of the initial state is a superposition of super-radiant and sub-radiant states. Thus the entanglement dynamics depends on the weights of those two states. As a result there is a wide variety of entanglement dynamics in between the two asymptotic behaviors described above.
In Fig. 7 the qubits are prepared in the state given by Eq. (16) with α 2 = 1/2 and θ = 0. Note however that anyway the results are independent of the choice of the relative phase θ. For r = 1 the initial state is the Bell state (|00 + |11 )/ √ 2. For this initial condition not only there is no ESD, but also concurrence vanishes only for infinite time. When an increasing amount of mixedness is present in the initial state, finite-time disentanglement appear. ESD is then followed by revivals and, as expected, a certain amount of entanglement is preserved. Analogously to the other EWL state, for r < 1/3 the initial state is factorized. For the same reasons previously mentioned, entanglement is suddenly created, momentarily deteriorated, and it finally goes to the stationary value r/4, coinciding with the population of the sub-radiant state. For this type of EWL state different choices of α lead to the same qualitative behavior of the entanglement dynamics.
The results we just described for two qubits in a common structured reservoir are quite different from those presented in Ref. [13] for two qubits in two independent Lorentzian structured reservoirs. First of all, if two uncoupled qubits interact with two independent reservoirs entanglement cannot be created from a factorized state. Hence, the ESB region, characterizing the dynamics in a common reservoir, is not present in the results in Ref. [13] , for any of the EWL states. Moreover, for qubits prepared in the initial state of Eq. (16), we notice that the reservoir-mediated interaction between the qubits keeps the value of concurrence higher compared to the two independent reservoirs case.
The crucial difference between the common and independent reservoirs cases is that for qubits in two independent reservoirs the decoherence-free sub-radiant state does not exist. When the qubits are in two independent reservoirs, the entanglement dynamics of the |+ and |− states are the same. As a consequence the relative phase θ in Eqs. (8) and (15) does not affect the results. This is definitely in contrast with the results we present in Figs. 5 and 6, showing two completely different asymptotic behavior when changing the relative phase θ of a π factor.
V. CONCLUSIVE REMARKS
In this paper we have investigated the connection between entanglement and entropy dynamics in a system of two qubits interacting with a common zero temperature non-Markovian reservoir. We have used the exactly solvable model presented in Ref. [9] , in the Appendix we attach the analytical solution in the Laplace transform space in the case of EWL states.
We have compared the entanglement and vonNeumann entropy time-evolution for two qubits prepared in a Bell-like state. We have noticed that ESD seems to appear when the state becomes highly mixed, whereas revivals of entanglement are associated to minima of the entropy, where the state becomes purer. On the other hand, when starting from a factorized state, sudden birth of entanglement occurs for lower values of mixedness, while revivals of disentanglement are accompanied by peaks of the entropy.
For a Bell-like state with one excitation the picture seems to be more complex. However, by studying the dynamics of the population of the super-radiant and subradiant states, we have realized that two sets of maxima of entanglement can be identified. The super-radiant state mainly carries the entanglement when it is maximally populated; when its population is zero, the entanglement is associated to the sub-radiant state. When the populations of the states are equal, the entanglement vanishes.
We have also considered the entanglement dynamics of a particular class of mixed states, the extended Wernerlike states. We have demonstrated that the amount of purity of the initial state plays a key role in the entanglement dynamics, controlling the appearance of ESD and ESB phenomena. For stronger non-Markovian conditions the dynamics exhibits stronger and longer lasting entanglement oscillations and an increasing number of dark periods and revivals as well. On the other hand, in the Markovian regime, no oscillations are present, however the basic features of the dynamics, and so the ESD and ESB regions, are still present.
In general, entanglement and mixedness are two different physical quantities characterizing the degree of nonclassicality of a quantum state. We think that it is important also from fundamental point of view to understand the interplay between entanglement and entropy, and that the present results shed new light on their dynamical relation.
Acknowledgments
We thank Barry Garraway for stimulating discussions. This work has been financially supported by M. Ehrnrooth Foundation, Väisälä Foundation, Turku University Foundation, Turun Collegium of Science and Medicine, and the Academy of Finland (projects 108699, 115682, 115982).
APPENDIX
Here we present the exact analytic solution for two qubits interacting with a Lorentzian structured reservoir, when the qubits are prepared in an EWL state as in Eqs. (15) and (16) . We provide the expressions for the density matrix element in Eq. (4) as a function of the solutionρ ij of the pseudomode master equation [34] in Eqs. (5) and (6) of Ref. [9] a(t) =ρ aa (t) +ρ bb (t) +ρ cc (t), b(t) =ρ ++ (t) +ρ −− (t) +ρ +− (t) +ρ −+ (t) 2 , c(t) =ρ ++ (t) +ρ −− (t) −ρ +− (t) −ρ −+ (t) 2 , z(t) =ρ ++ (t) −ρ −− (t) −ρ +− (t) +ρ −+ (t) 2 , d(t) = 1 − a(t) − b(t) − c(t) =ρ f f (t), w(t) =ρ af (t), ρ ++ (t) =ρ dd (t) +ρ ee (t).
(A.1)
The subscripts a, b and c refer to the states in which both the qubits are in the ground state, and the pseudomode has 0, 1 or 2 excitations respectively. In d and e the atomic system is in the super-radiant state, and the pseudomode has 0 or 1 excitations. f is the state having 0 excitations in the pseudomode and both the qubits in their excited states.
The analytic expressions are given in the Laplace transform space. In the following we provide the solutions for a EWL state of the form (15) We also provide the expressions of the von Neumann entropy for the Bell-like states in Eqs. (8) and ( − (ρ ++ (t) +ρ −− (t) + j(t))Log[ρ ++ (t) +ρ −− (t) + j(t)] .
(A.24)
